# Fermi National Accelerator Laboratory

FERMILAB-Pub-00/008-T

Vacuum Alignment in Technicolor
Theories|. The Technifermion Sector

K. Lane, T. Rador and E. Eichten

Fermi National Accelerator Laboratory
P.O. Box 500, Batavia, Illinois 60510

March 2000
Submitted to Physical Review

Operated by Universities Research Association Inc. under Contract No. DE-AC02-76 CH03000 with the United States Department of Energy



Disclaimer

This report was prepared as an account of work sponsored by an agency of the United States
Government. Neither the United States Government nor any agency thereof, nor any of
their employees, makes any warranty, expressed or implied, or assumes any legal liability or
responsibility for the accuracy, completeness, or usefulness of any information, apparatus,
product, or process disclosed, or represents that its use would not infringe privately owned
rights. Reference herein to any specific commercial product, process, or service by trade
name, trademark, manufacturer, or otherwise, does not necessarily constitute or imply its
endorsement, recommendation, or favoring by the United States Government or any agency
thereof. The views and opinions of authors expressed herein do not necessarily state or reflect

those of the United States Government or any agency thereof.

Distribution

Approved for public release; further dissemination unlimited.

Copyright Notification

This manuscript has been authored by Universities Research Association, Inc. under con-
tract No. DE-AC02-7T6CH03000 with the U.S. Department of Energy. The United States
Government and the publisher, by accepting the article for publication, acknowledges that
the United States Government retains a nonexclusive, paid-up, irrevocable, worldwide license
to publish or reproduce the published form of this manuscript, or allow others to do so, for

United States Government Purposes.



arXiv:hep-ph/0001056 7 Jan 2000

BUHEP-00-1
Fermilab-Pub-00/008-T

Vacuum Alignment in Technicolor Theories

I. The Technifermion Sector

Kenneth Lane', Tonguc Rador'f, and Estia Eichten?*
Department of Physics, Boston University,
590 Commonwealth Avenue, Boston, MA 02215
2Fermilab, P.O. Box 500, Batavia, IL 60510

January 7, 2000

Abstract

We have carried out numerical studies of vacuum alignment in
technicolor models of electroweak and flavor symmetry breaking. The
goal is to understand alignment’s implications for strong and weak CP
nonconservation in quark interactions. In this first part, we restrict
our attention to the technifermion sector of simple models. We find
several interesting phenomena, including (1) the possibility that all
observable phases in the technifermions’ unitary vacuum-alignment
matrix are integer multiples of #/N’ where N’ < N, the number of
technifermion doublets, and (2) the possibility of exceptionally light
pseudoGoldstone technipions.

*lane@buphyc.bu.edu
frador@budoe.bu.edu

teichten@fnal.gov


http://xxx.lanl.gov/abs/hep-ph/0001056

1. Introduction

One of the original motivations for the dynamical approach to electroweak
and flavor symmetry breaking—specifically, technicolor [l] and extended
technicolor [4, 3]—was the belief that it would solve the problem of strong
CP-violation in QCD [4]. The idea was this: In a theory consisting only
of gauge interactions of massless fermions, instanton angles such as Ogcp
may be freely rotated to zero. Purely dynamical masses, i.e., fermion bilin-
ear condensates, may be assumed to be CP—conserving. And, the fermions’
hard masses are generated by the joint action of dynamical and explicit
chiral symmetry breaking, all induced by gauge interactions alone. It was
hoped that this combination naturally would produce a for which 8, =
Oocp + arg det(M,) = 0 without an axion. This is naive, especially if at
least some of the observed CP-violation is to emerge from diagonalizing the
quark mass matrix M,.

In fact, the way to determine the true status of CP symmetry in a su-
perficially CP—invariant theory was prescribed long ago by Dashen [5]. He
studied the question of determining the correct perturbative ground state
|2) upon which to begin an expansion about the chiral limit. This process is
known as vacuum alignment. When the chiral symmetry of quarks is sponta-
neously broken, there are infinitely many degenerate vacua, parameterized by
transformations corresponding to massless Goldstone bosons. Dashen showed
that, if this chiral symmetry is also explicitly broken by H, = ¢. M, qr+h.c.,
the degeneracy is lifted and the correctly aligned zeroth—order ground state
2) is the one in which the expected value of H is least. In practice, it is eas-
ier to fix |[Q) as a “standard vacuum” with simple condensates {i and chirally
rotate H;, to find the minimum vacuum energy. Dashen showed that, even if
the original H;, is CP-conserving, i.e., if M, is real, the Hamiltonian aligned
with |©) may be CP-violating. This is spontaneous CP—violation. For real
M,, it occurs if §, = 7. The aligned Hamiltonian has the CP-violating term
iV, qysq, where v, is of order the smallest eigenvalue of M, [6].

Dashen’s study was made in the context of QCD, but it applies to a the-
ory in which QCD is united with technicolor to generate quark masses by
extended technicolor [7]. In such a theory, the chiral symmetries of tech-

1'We assume that the quark chiral symmetry SU(2n)r @ SU(2n)g is spontaneously bro-
ken to an SU(2n) subgroup, in which case the quark condensates {g,1qsr) are proportional
to an SU(2n) matrix. In the standard vacuum, (Q|¢.r¢sr|2) x 4.



nifermions are spontaneously broken at Ar¢ ~ 1TeV, giving rise to massless
technipions, mp. All but the three qu«’o that become the longitudinal compo-
nents of the W* and Z° bosons must get large masses, at least 50-70 GeV for
the charged ones. Quark chiral symmetries are spontaneously broken at the
much lower scale Agep ~ 1 GeV. A All these symmetries, except electroweak
SU(2) @ U(1), are explicitly broken by ETC-boson exchange interactions.
They are well-approximated at 1 TeV by four—fermion interactions, TTTT
and gT'Tq, suppressed by the square of Mprc 2 100 TeV. P

It is natural to assume that ETC breaking is such that these four—fermion
interactions have real coefficients and so are superficially CP—conserving.
Vacuum alignment then has three possible outcomes: (1) the correct chiral-
breaking perturbation, H', is still CP—conserving and, in particular, the
Cabibbo-Kobayashi-Maskawa (CKM) matrix is real; (2) H' is CP-violating,
but |v,| ~ m, is 10? times too large; (3) H' is CP—violating, but |v,| = 0 or
is at most is of order the ratio of condensates (gq)/(TT) < 107°. This last
alternative, of course, is the desired one. Unfortunately, no physical criteria
were found to lead to models of type 3.

The matter rested there until the dynamical attempts known as topcolor—
assisted technicolor (TC2) were made to deal with the large mass of the top
quark [8, D]. It has always been difficult for the dynamical approach, espe-
cially extended technicolor, to account for the top quark’s mass. Either the
ETC scale generating the top mass must be near 1 TeV, leading to conflict
with experimental measurements on the p parameter [10] and the Z — bb
decay rate [i1], or, if it is made much higher, the coupling ggrc must be un-
naturally fine~tuned. Hill circumvented these difficulties by invoking another
strong interaction near 1 TeV, topcolor, to generate a large ¢t condensate and
top mass. In TC2, ordinary technicolor remains responsible for the bulk of
electroweak symmetry breaking.

An important consequence of this scenario—and this is where vacuum
alignment comes back in—is that top condensation implies a triplet of mass-
less Goldstone “top—pions”, 7. These must acquire mass M, 2 m; =
175 GeV; otherwise t — br}' becomes a major decay mode. Extended tech-
nicolor interactions provide this mass by contributing 5-10 GeV to m, [8]. At

2Complications due to the top quark will be discussed below.
3To a lesser extent, the electroweak interactions also contribute to explicit symmetry
breaking; see Ref. [:Z:] They are ignored in Eq. (2) below.



the same time, this ETC contribution must not induce appreciable mixing of
top—pions with ordinary technipions [12]. Some technipions may be as light
as 100 GeV [[3], so that large mixing would lead to substantial, and also
unobserved, ¢ — brf.

Balaji studied top—pion mass and mixing in a specific model, and he
obtained encouraging results [14]. However, his conclusions are prelimi-
nary because he was unable to execute vacuum alignment properly. This
is understandable because vacuum alignment in TC2 models is very compli-
cated. Now it involves at least two gauge interactions strong near 1 TeV—
technicolor and topcolor—with some technifermions transforming under both.
And, many technifermions are needed to accommodate various experimental
constraints, making the chiral flavor group quite large; see Ref. [9] for details.
One of these experimental constraints is that no physical technipion be mass-
less or very light. The criterion used in Refs. [B, 1] for deciding this was that
no spontaneously broken chiral charge (other than the electroweak charges)
can commute with the ETC-generated TTTT interactions. We shall see in
Section 3 that this criterion, which works in QCD, is insufficient to guarantee
that all technipions are massive.

The problem of vacuum alignment in technicolor theories is too complex
for analytical treatment. Numerical methods are needed. We start the nu-
merical analysis in this paper by considering the technifermion sector of a
simple ETC model, one in which there are N doublets of a single type of
technifermion that transforms according to the complex fundamental repre-
sentation of the technicolor gauge group SU(Nr¢).

The rest of this paper proceeds as follows: In Section 2 we define our sim-
plified ETC model and present the formalism in first-order chiral perturba-
tion theory for vacuum alignment and calculating technipion masses. There
we illustrate the unexpected (to us, anyway) fact that chiral symmetries are
not always manifest in the chiral-breaking perturbation H'. We present in
Section 3 the main results of vacuum alignment in the technifermion sector.
We have found a quite surprising result: the phases in the technifermions’ uni-
tary vacuum-alignment matrix Wy may be integer multiples of 7 /N’ where
N’ < N. If they are allowed by unitarity, these “rational phases” occur be-
cause the terms in H' make it energetically favorable for certain phases to
be equal or to differ by m and because Wy is unimodular. If unitarity frus-
trates this alignment of phases in Wy, they are irrational. We shall see that
the rational phases appear as islands in an irrational sea, the boundaries of

4



which are defined by critical values of the parameters in H'. Furthermore, a
technipion becomes massless, a Goldstone boson to first order, at the island
shore, where the ETC parameters become critical. This has the important
phenomenological consequence that an exceptionally light technipion often
accompanies the rational phases because generically chosen parameters are
not far from the critical ones. Thus, some technipions may be even lighter
than we expected [13], a fact which may be welcome and which, in any case,
can be used to help choose among models. We conclude in Section 4 with a
brief look ahead to vacuum alignment and CP—violation in the quark sector.

2. The Extended Technicolor Model

To simplify our numerical studies, we consider models in which a single kind
of technifermion interacts with quarks (but no leptons) via ETC interac-
tions. There are N technifermion doublets (U;p g, Dirr),t =1,2,..., N, all
transforming according to the fundamental representation of the technicolor
gauge group SU(Nyp¢). There are n generations of SU(3)¢ triplet quarks
(army darr)s @ = 1,2,...,n. The left-handed fermions are electroweak
SU(2) doublets and the right-handed ones are singlets. Here and below,
we exhibit only flavor, not technicolor nor color, indices. Although it is not
essential for our studies, we shall assume that the technicolor gauge coupling
runs slowly, or “walks” from the TC to the ETC scale [i16]. No provision to
give a realistic top quark mass, such as topcolor—assisted technicolor [§], will
be made in this paper.

The technifermions are ordinary color—singlets, so the chiral flavor group
of our model is Gy = [SU(2N )y @ SUQ2N)gr] @ [SU(2n)r, @ SU(2n)g]. We
have excluded anomalous Uy4(1)’s strongly broken by TC and color instanton
effects. When the TC and QCD couplings reach their required critical values,
these symmetries are spontaneously broken to Sy = SU(2N) @ SU(2n). We
shall take this residual symmetry to be the diagonal vectorial one by adopting
as our standard vacuum the state |Q2) in which the nonzero fermion bilinear
condensates are diagonal:

(QUULURIQ) = (QDiyD;jplQ) = —6;Ar
<Q|ﬂaLubR|Q> = <Q|daLdbR|Q>:_5abAq- (1)

The condensates Ay ~ NrcA%. and A, ~ NCA%OD when they are renor-

5



malized at their respective strong interaction scales. Of course, No = 3.

All of the Gy symmetries except for the gauged electroweak SU(2)@ U(1)
must be explicitly broken by extended technicolor interactions [2, 8]. In
the absence of a concrete ETC model, we write the interactions broken at
the scale Mgrc/gere = O(100TeV) in the phenomenological four-fermion

form
H = Hpp+Hy, +H,
= AL Ty Tie TerviTir + Aighy Tinv*dor orv T + hc.
+ AZch QaLYuGbL GeRYp9dR (2)

where T}, p and ¢, 1, g stand for all 2N technifermions and 2n quarks, respec-
tively. Here, Mgrc is a typical ETC gauge boson mass and the A coefficients
are giyo /M3 times mixing factors for these bosons and group theoretical
factors. Typically, the A’s are positive, though some may be negative. In
our calculations, we choose the A’s to avoid unwanted Goldstone bosons.
Hermiticity of H' requires

(MG = ATl (AL =Adh, (M) = Al (3)
The assumption of time-reversal invariance for this theory before any poten-
tial breaking via vacuum alignment means that the angles 07¢ = 0gcp = 0
(at tree level) and that all the A’s are real. Thus, e.g., ALL = AT].

All the four—-fermion operators in ‘H' are renormalized at the ETC scale.
Throughout this work, we shall assume that the ETC gauge symmetries com-
mute with electroweak SU(2), but not with weak hypercharge U(1) (indeed,
they must not; see Ref. [2]). The ETC interactions then take the form, e.g.,

vr = (Uey*Uiz + Dizy? Div) (Al UkruUir + Ay DiryuDir) - (4)

Having chosen a standard chiral-perturbative ground state, |Q), vac-
uum alignment proceeds by minimizing the expectation value of the rotated
Hamiltonian. This is obtained by making the G transformation 77, p —
WirTrr and qr — Virqrr, where Wi g € SUQ2N)pr and Vi p €

“In Eq. (2), we have not made any assumption about the structure of ETC interactions
vis—a—vis the electroweak ones.



SU(Zn)LR:
H W, V) = (W, Wg) + H’Tq(W, V) + H;q(VL, Vr) (5)
AL T W " W 53Ty TorWh v Wruw T + -+

Since T" and ¢ transform according to complex representations of their re-
spective color groups, the four—fermion condensates in the S;—invariant |€2)
have the form

(T " Tir Treryu TRl = —Arrdadie,
Ty qur rVTRIN) = —Argdijday, (6)
(NGarY oL GerYuqar|Y) = —Aggdaide .

The condensates are positive, renormalized at Mg7p¢ and, in the large-Np¢o
and N¢ limits, they are given by Arr ~ (Ar(Mgre))?, Ary ~ Ar(Mgre)
XA, (Mgrc), and Ay, ~ (A, (Mgre))?. In walking technicolor, Ap(Mpre) ~
(METC/ATC) AT(ATC’) = 102*103 XAT(ATc). In QCD, hOVVeVGI’7 Aq(METC) ~
(log(METC/AQCD))Wm Aq(AETC) ~ Aq(AQCD), where VYm = 20&0/7‘[‘ for SU(?))C [:rz:]
Thus, the ratio

. _ Ar(Mprc)  Au(Mprc)

Arr(Mgre)  Ary(Mgre)

is at most 107!°, This is 10-100 times smaller than in a technicolor theory

(7

~—

in which the coupling does not walk.

With these condensates, the vacuum energy is a function only of W =
Wr, W;% and V =V Vg, elements of the coset space G;/S;:

E(W,V) = Err(W) + Ery(W, V) + Epy(V) (8)
= —Ag;zl W]‘k Wzﬁ ATT — (ATq ‘/ab W]TZ —|— C.C.) ATq — AZch ‘/bc ‘/dTa Aqq .

tabj

Note that time-reversal invariance of the unrotated Hamiltonian H' implies
that E(W, V) = E(W*,V*). Hence, spontaneous CP-violation occurs if the
solutions Wy, V4 to the minimization problem are complex.

Following Ref. [7], we define technifermion current mass matrices renor-

malized at the ETC scale as follows:ﬁ

ol
Mri; Ar(Mgre) = — WZL—T
Wo,Vo

*These definitions differ from those in Ref. [:_7:] by a common vectorial transformation
on the left and right—-handed fields. This affects none of our discussion.
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= Wi (ATT Worm Arr + AngijoabATq)

kimj

= Wi Afin; Woim Arr (14 O(r)) - (9)

kimj

For quarks,

or
My Ny(MErc) = — (‘/aTc—)
o ML) o vo
= ‘/OTac (AgijOUATq + Azgeb%deAqq)

= Voo Acihy Woij A (14 O(r)) - (10)

cijb

Nuyts’ theorem generalized to technicolor [§, ] states that, as a consequence
of extremizing the energy, the imaginary parts of these matrices are propor-
tional to the identity:

(MT — M}) Ar(Mgre) = ivrlay,
(M, — M}) Ay(Mprc) = ivla, . (11)
The parameters v and v, are Lagrange multipliers associated with the uni-
modularity constraints on Wy and Vg, respectively. These equations imply
that My and M, are each diagonalized by a (different) single special uni-
tary transformations. Taking the trace of both sides of Eqgs. (1) and using
Fas. (Q0T) gives
QiNVT = Tr (MT — th) AT(METO)
= —Tr (M, — M) A,(Mpro) = —2inw,
= 2iAL Tm (Wi Vo) Az . (12)
This relation between vy and v, requires that SU(Np¢) and SU(3)¢ are
embedded in a simple ETC group, so that 0r¢ = 0gcp.

Strong CP-violation occurs if v, # 0. The angle 0, characterizing this
for quarks’ is defined by (for gcp = 0) &

0, = arg det (M,) A, = arg det (M,) A,, (13)

6See, e.g., Ref. F_l-gﬂ for the relation between 6, and v, for the case of three light quarks.



where, up to A% terms of relative order r,

My Ay = (VoMy)ap Ay = AZ;%b Woij Az (14)
is the primordial quark mass matrix, i.e., the one before vacuum alignment
in the quark sector. We see that strong CP—violation arises from a conflict
between mass terms and a chiral symmetry constraint on the alignment ma-
trix. This is what Dashen and Nuyts showed for quarks in QCD and what
we found in Ref. [ii] for extended technicolor. In a world with just one type
of fermion, say T;r r, with explicit flavor symmetry breaking due to gauge
interactions alone, My = M} and there is no strong CP-violation even if the
aligning matrix Wy is complex and CP symmetry is spontaneously broken,

Suppose we found 6, = 0 up to the A% terms of order r. Are there
larger contributions to 6,7 The first to worry about are two-loop ETC
contributions to M,. There are two types of these: those with one tech-
nifermion dynamical mass insertion and those with three. The first are
proportional to a single power of Wy and, because the AT7’s are real, it
is plausible that they will not change #,. This must be checked in specific
models. The three-insertion graphs involve two Wy’s and one W{ convo-
luted with ATT’s and these are more likely to contribute to #,. Apart from
any g#rc/16m? suppression these graphs may have, they are of relative order
AL (Mpre)/Myre S (Are/Mere)* < 10719 in a walking technicolor theory.
We tentatively conclude that the f, defined in Eq. (13) is a reliable measure
of strong CP—violation in extended technicolor models. We need only know
Wy and the AT? to determine it.

Our strategy for vacuum alignment, which we carry out numerically, is
the following: Because r is small, we first minimize E7r to determine Wy. If
we wish to determine Wy, and Wyg separately, we make vectorial transfor-
mations on Ty, p that diagonalize My;;. Physical results such as technipion
and quark masses are unchanged even if we use, for example, Wy, = W,
The results of technifermion alignment are presented in the next section.

Once Wy is determined, it is inserted as a set of parameters into FEr, and
this is minimized as a function of V. If there are several degenerate solutions
Wy minimizing E77, one should choose the one giving the deepest minimum
Ery(Wo, Vo). When V4 is known, the matrices Vor, Vor are determined by
diagonalizing the matrix M, in Eq. (IU). The quark CKM matrix is then
obtained from Vjy,.



Finally, holding V4 fixed, one can refine Wy by reminimizing Err+ Fr, as
a function of W. This will induce corrections of O(r) in W, and éq. There 1s
no point in refining V4 by minimizing the full energy including F,,. However,
note that the rotated H,, (Vo) may contain sources of quark CP-violation not
contained in the CKM matrix [#]. These studies of CP—violation in the quark
sector will be presented in our next paper.

We are concerned in this paper with vacuum alignment in the tech-
nifermion sector, and we turn to this now. We will allow only models in
which alignment conserves electric charge, i.e., does not induce U;D; con-

densates. Then, the matrix minimizing Frp(W) must be block—diagonal,
w0
v (0). .

where W}, WP are U(N) matrices satisfying det(W!)det(WL) = 1. The
phase indeterminacy of the individual U(N) matrices corresponds to the
electroweak T5 symmetry. Thus, for admissible models, we can minimize
Err in the subspace of block—diagonal matrices. Using Eq. (%), the vacuum
energy takes the form

Erp(WY WPy = —(AL WEWT+ AD, WE WD Arr
= Ep(WY)+ Ep(WP). (16)

Since this expression is bilinear in WP WU:PT  without loss of generality
we can determine Wy by separately minimizing Fy and Ep in the space of
SU(N) matrices. We do this in the next section, taking care to ensure that
no Goldstone bosons remain massless other than the three associated with
electroweak SU(2) symmetry. This means that Ag’,fl) must be chosen so that
there are no massless SU(N) @ SU(N) Goldstone boson in either U or D
sector.

We close this section with some remarks on calculating the pseudoGold-
stone boson (technipion) mass spectrum in these technicolor models. In the
standard chiral-perturbative ground state, |©2), the spontaneously broken
symmetries are formally generated by the Gi¢/Ss charges

Q4 = %/de (ThAATR — TIAATL) (17)

10



Here, A4 are the 4N? — 1 Gell-Mann matrices of SU(2N). To first order
in the chiral perturbation H’;, technipion masses are given by Dashen’s
formula [H],

FIQ“M?rAB = i? <QH ?7 [ ?7 /TT(WOMWOR)H‘Q> ) (18)

where Iy = 246 GeV /v/N is the technipion decay constant and Hf; is given
in Eq. (B). As noted above, we can determine Wy, and Wyg by diagonalizing
the technifermion current—mass matrix, My. However, since M? , 5 is invari-
ant under vectorial transformations of the technifermion fields, it is simpler
to compute it using Wyr, = Wy and Wyr = 1. The result is

FrMz ap = 5Mijn [({)‘Av)‘B}WJ)H Wosn + (Wo {Aa, A} e Wi

=2 (W) (Worg) . —2 (AaW]) (WO)\A)jk]ATT. (19)

Note that, because the vector charges annihilate the standard vacuum, the
axial charges in Eq. (1) may be replaced by left-handed or right-handed
charges or by any linear combination that is not purely a vector charge.

In using Eq. (1Y) in these models, we have seen examples in which a
technipion’s mass vanishes without there being a corresponding conserved
chiral charge, i.e., a linear combination of the Q4 and Q% which commutes
with Hpp(Ws). A two—technidoublet, SU(4) @ SU(4) example is provided
by the following set of A’s (whose scale is arbitrary):

U _ AD _ AU _ AD _
A1111 - A1111 - A2222 - A2222 - 1
U _ AU  _aD _ AD _ 1
A1112 - A1121 - A1112 - A2221 )
U _ AU 1
A1211 - A2111 - 9" (20)

In addition to the three electroweak Goldstone bosons coupling to

2
U;
%/di%x Z (U;r?Di) V5Ta ( D ) ,
=1 ¢
there is a fourth one associated with the Wy—rotation of the axial charge
%/dSJf (DI’)/5D1 — D;’)/g,DQ) .

11



However, the divergence of its current is manifestly of first order in H/..(W).

This extra massless technipion is at first surprising when one recalls that
Dashen proved that a zero eigenvalue of the Goldstone boson mass—squared
matrix implies that the corresponding current is conserved [§]. Furthermore,
in QCD we have become used to a conserved current being associated with
a massless Goldstone boson. There, the symmetry that leaves the boson
massless is manifest in the mass matrix M, of H, = ¢z M, qr+h.c.. The res-
olution of this puzzle is that Dashen’s proof applies to the matrix elements of
double commutators in the exact ground state, |vac), of the full Hamiltonian
H = [(Ho+H' (W)). The matrix in Eq. (19) is calculated in the perturbative
ground state, |Q), which is the limit of |vac) as H'(W) — 0. Consequently,
all that can be proved for a “massless” Goldstone boson at the perturbative
level at which we work is that all matrix elements of the divergence of the
corresponding current must be of second order in ‘H'. We emphasize that,
although the masslessness of this technipion may be an approximation, it is
important phenomenologically. Corrections to its mass are likely to be so
small that it is already ruled out experimentally.

3. Results From the Technifermion Sector

The vacuum energy in the U and D-technifermion sectors has the form
N
EW) = — > Aju W Wt A
ijki=1

N
— > Aiut Wi [Wal expli(e — di)] Arr (21)

ijkl=1

where W = Wy or Wp € SU(N), Aiji = A = Ny, and ¢jp = arg(Wii).
We remind the reader that we always choose the Az so that there is no
SU(N) @ SU(N) Goldstone boson in either U or D sector. Note that, if
Wy minimizes E (W), then so do the matrices Z3" Wy = exp(2imm/N)W,
m = 1,2,..., N, and their complex conjugates. This degeneracy may be
lifted by the quark-technifermion interaction Hr, .

It is especially convenient to parameterize W in the form

W =D,KDg. (22)

12



Here, Dy p are diagonal unimodular matrices, each depending on N — 1
phases:

Dy r = diag [exp(iXL,Rl)vexp(iXL,RZ)v e anP(_i(XL,m + -+ XL,RN—l))] )
(23)
and K is an (N —1)*-parameter CKM matrix which we write in the standard
Harari-Leurer form [I8]. This matrix depends on N(N — 1) angles 6;;,
1<i<j<N,and J(N —1)(N —2) phases ¢;; , | <i<j—1<N-—1

We have discovered several remarkable properties of the matrices W)
which minimize E(W). They have to do with the fact that the coefficient
Ajjir tends to align the phases ¢ and ¢i: if Ajji > 0, its contribution to
E(W) is minimized if the phases can be equal; if A;ji < 0, the phases want
to differ by 7. Of course, because not all the N? phases ¢;; are independent,
unitarity can frustrate phase alignment. If the nonzero A link all the ¢y,
together, then all of them will be equal, mod m, if that can be consistent
with unitarity. Unimodularity then requires all ¢, = 2mn /N, mod 7, with
m=1,2,...,N. We call this “complete phase alignment” and we say that
the phases are “rational”.

Rational phases may also occur when the nonzero A;jy link some, but
not all, of the phases. If it is allowed by unitarity, we have found that the
phases are multiples of 7/N’ (modulo the Zy phase 2m7/N) for one or more
values of N’ between 1 and N. This case of partial phase alignment is very
rich, with many possibilities and, sometimes, degenerate minima whose Wy’s
are not unitarily equivalent nor related by conjugation or a Zy factor. Its
implications for quark CP—violation will be studied in our next paper.

A necessary condition for phase alignment is that the CKM matrix K is
real. The reason for this is seen by looking at a typical complex term in A for
the 3x3 case, e.g., S12 S23 — €12 C23 S13 €Xp (1013), where s15 = sin 614, etc. The
mixing angles 6;; are determined by the A’s that are dominant in minimizing
the energy and by unitarity. Then, the overall phase of this term will be a
random irrational number unless é;3 = 0 or 7 or one of the §;; = 0. If K
is complex, it contains more random phases than can be made rational by
choices of phases in Dy, and Dpg, and so the ¢;; will be randomly irrational.
Note that the case N = 2 is special because K is always real. In that case,
all phases in Wy are 0 or 7/2, mod .

Suppose that completely or partially—aligned rational phases occur for
some set of A’s. Then we find that the nonzero A’s may be varied over an

13



appreciable range with no change whatever in the phases. Ultimately, a large
enough excursion in the A’s will make it impossible to maintain unitarity with
aligned phases and, at certain critical values of the A’s, they change continu-
ously from rational to irrational (or, in the SU(2) case, discontinuously from
one rational set to another). A rational-to—irrational phase transition may
also occur if vanishing A’s are made nonzero. By further varying the A’s,
another, possibly inequivalent, set of rational phases may characterize the
matrix Wy. Thus, the minima of E(W) as one varies the A’s are islands of
rational aligned phases in a sea of irrational ones.

A Goldstone boson appears whenever a transition occurs between differ-
ent types of phases. As the critical A’s are approached, one of the M? de-
creases to zero and then increases again once the boundary is passed. What
is happening is this: As the transition is approached, the ground states for
a set of rational phases are becoming less stable and a technipion’s M? is
diving through zero to negative values. At the same time, the ground states
for a nearby set of irrational phases are becoming more stable and the corre-
sponding M? is increasing from negative to positive values. The two types of
phases coexist at the rational island shore, giving rise to infinitely many de-
generate minima that are characterized by an indeterminacy in the phases of
D r and K. Hence, M? = 0 (to first order) there. This is another situation
in which the massless state’s chiral charge does not commute with H’...

This phenomenon may be important. The appearance of an exception-
ally light technipion is not uncommon because typical rational-phase A-
parameters often are not far from critical ones. In Ref. [I3] we observed
that, because the number of technidoublets in typical TC2 models is large,
N ~ 10, the technihadron scale is low and technipion masses may be as light
as 100 GeV. Now we see that some technipions may be even lighter than
nominally expected from the A’s. In a specific model, this may be a major
prediction or it may be a show-stopper.

Finally, another interesting property of the rational-phase minima is that
the coeflicients /N\ijkl = >y Ny WJ“», Wo jr; in the rotated Hamiltonian

Hyr(Wo) = Ayt Tri v Try Trk v T (24)

also have rational phases. This follows directly from the fact that nonzero
A’s align phases. If the phases are rational and Ay # 0, then the CKM
matrix K is real and & — diy = xrj — XRE — XLt + Xmt = 0 (mod 7).
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The phase of an individual term in the sum for /N\ijkl is then ¢ji; — ¢y =
XLj' — XRj — XLi' + XRi = XRk — XR;j — XRi + Xr: (mod 7), a rational phase
which is the same for all terms in the sum over ¢/, 5'.

One example of these phenomena is provided by an SU(3) model in which
the nonzero A’s are:

A1111 = A1221 = A2112 = A1212 = A2121 =1.0

A2 =15, Apss=14

A1331 = A3113 = 167 A1313 = A3131 =1.8

A1222 = A2122 = A2212 = A2221 =0.50 —1.1. (25)

These want to align @11 = @3 = @33 = P12 = P21 and @13 = P31. Phases @3
and ¢y are not linked by the A’s. The effect of varying Ajg92 from 0.5 to 1.1
is illustrated in Fig. 1. The phases start out aligned and rational, indeed,
W = exp(2im/3) x 1, and the vacuum energy (in units of Agz) remains
constant at —6.20. At Ajg99 ~ 0.725, it becomes energetically favorable for
W to become nondiagonal. The phases are still aligned and rational, equal to
27/3 (mod 7/2), and a technipion mass becomes zero here. Now the energy
decreases as Aja99 1s increased. At Ajgzp ~ 1.015, a second transition occurs
in which rational phases are no longer possible, and a different technipion’s
mass goes through zero. At Ajg95 ~ 1.045, a transition occurs back to rational
phases, all equal to 7/3 (mod 7), and the same technipion’s mass vanishes
again. Throughout this variation of Ajs99, the other six technipion squared
masses remain fairly constant with values between 5 and 15. Thus, in this
example, the two technipion masses shown in Fig. 1 are always quite light.

4. Summary and Outlook

We have numerically studied vacuum alignment in a class of theories in which
electroweak and flavor symmetries are dynamically broken by gauge interac-
tions alone. To make these intial studies tractable, we considered extended
technicolor with N doublets of a single type of technifermion, T;y, g, trans-
forming according to a complex representation of SU(Np¢) but as SU(3)¢
singlets. These were coupled by ETC to n quark doublets, ¢,z r. In the ab-
sence of an explicit model for ETC, we assumed its broken gauge interactions
could produce any desired four—fermion interaction of the form H' in Eq. (2).
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As usual, we assumed that ETC commutes with electroweak SU(2), but not
SU(Nrc) @ SU(3)e @ U(1) [2]. We also assumed, quite naturally, that ETC
breaking preserves CP-invariance so that the A parameters in H' are real.

We focussed on the technifermion sector in this paper. This restriction
determines the vacuum-aligning matrix Wy of technifermions up to tiny, but
potentially important corrections of order (Gq)grc/(TT)grc ~ 10710, The
problem is then simplified both numerically and analytically to minimizing
the vacuum energy Epr(W) in the subspace of up and down—block diagonal
W-—matrices which conserve electric charge. We need then only study the
alignment problem in a single charge sector. To ensure that no technipions
remain massless other than the three associated with electroweak symme-
try, the ETC parameters Ag’,fl) in ‘H’pp must be chosen so that there are no
SU(N) @ SU(N) Goldstone boson in either U or D sector.

We found several interesting features of vacuum alignment:

1. A technipion mass may vanish to first order in the symmetry breaking
perturbation even if its chiral charge does not commute with H/..(Wp).
This differs from what happens in QCD and Y¥-model-like effective
Lagrangians where the symmetries of the perturbation are manifest.
The reason for this difference is the four—fermion nature of H’., and
the symmetries of the zeroth—order ground state |(2).

2. The real parameter Ag’,fl) links the WY phases qb?,;D and qbg’D. It
allowed by unitarity of W, these phases are then equal or differ by =.
If there is complete phase alignment, all phases are equal to integer
multiples of 27 /N, mod 7. If only partially aligned, the phases are
integer multiples of /N’ for one or more N < N. If phase alignment
is inconsistent with unitarity, the phases are irrational multiples of .

3. Rational phase sets are natural in the sense that they remain unchanged
for a finite range of A parameters. In A—space, the rational phase so-
lutions to vacuum alignment form discrete islands in a sea of irrational
phase solutions.

4. A massless (to first order) Goldstone boson appears when the A’s take
on critical values defining the boundary between rational and irrational
phases. Thus, exceptionally light technipions are not at all uncommon
and are a new phenomenological consequence of vacuum alignment.
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Vacuum alignment in the quark sector and the central issue of quark
CP—violation will be addressed in a subsequent paper. It is obvious from
Eq. (12) that irrational phases in the technifermion matrix Wy will induce
strong CP—violation for quarks: v, # 0. It is therefore fortunate that rational
phases occur naturally. They may permit a dynamical theory of quark flavor
in which only weak CP—violation occurs and in which there is no axion.
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Figure 1: Phase alignment in a model with N = 3 as a function Aj399; other

A—parameters are fixed in Eq. (25). (a) The vacuum energy, E(W) (arbitrary
units); (b) the squared mass of two of the technipions; (¢), (d) the magnitudes
and phases of Wy, Wiz and Was.
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